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Claude Berge has given suffkient conditions under which each edge of a regular multigraph 
belongs to some I-factor. His proof-technique actually yields the Same conclusion under less 
restrictive conditions. Here we point out that this stronger version of Berge’s theorem follows 
easily from a theorem on doubly-stochastic matrices prcved previously by the author. 
I. introduction 
A well-known theorem due to Petersen [6] asserts that every bridgeless cubic 
graph contains a l-factor. (In a multigraph with n = 2m vertices, a I-fclctor is 
defined as a set of m non-incident edges, also often called a petfect matching.) 
Petersen’s result has been strengthened and generalized by Berge [l] to the case of 
certain regular multigraphs. Berge’s proof-technique is entirely combinatorial, and 
relies upon Tutte’s famous characterization [7] of graphs without l-factors. 
In this note we offer an alternative argument, geometric in spirit, whit> turns out 
to yield a stronger and simpler proposition than the one announced by Berge. Our 
approach employs a recent result on symmetric stochastic matrices (21, and may be 
viewed as an 
probklm [S]. 
application of work by Edmonds on the “Maximum Matching” 
Let G be a muttigraph on PL = 2m vertices. Its adjacency matrix A = (a,,) is 
defined, as usual, by letting ail be the number of edges joining vertex u4 go vertex 0,. 
Notice that if 43 is regular of degree d, then the symmetric matrix (l/d)A wit1 be 
doubly-stochastic. Under suitable conditions such a matrix lies in the convex hull of 
&e bt X n symetric permutation matrices. 
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for every set S of subscripts having ctirdinrJr !y 2k + 1 for some positive k. 
Observe that, if the matrix X = (l/d)A sttlsfies the above inequalities, then any 
one of the resulting symmetric permutation matrices serves to designate some 
f-factor of the multigraph G; moreover, if aij > 0, then at least one of these 
f-factors must include an edge that joins Vi to vi. Thus the geometric fact of X lying 
within a certain convex polyhedron has, as a graph-theoretic onsequence, that 
each edge of G belongs to some l-factor. 
3. New proof cDf Berge’s theorem 
If V denotes the vertex-set of G, and S is any subset, we denote by t(S) the 
number of edges in G having one endpoint in S and the other endpoint in V - S. 
The cla&cal theorem of Petersen 16) has been generalized by Berge, as follows: 
TheOrem 3.1. (Berge [I 1.) L&t G be a connected multi@aph with n = 2m vertices 
which is regular of degree d. Zf z (S) a d - 1 for every nonempty proper subset S p!f ‘iv: 
then each er$e of G belongs to some l-factor. 
We wish to point out that Theorem 3.1 follows easily from ‘i’heorem 2.1 j
moreover, Theorem 3.1 contains superfluous conditions. 
First observe (as Serge does) that z(S) = d (ntodulo 2) for e\ .,ry odd-cardinality 
subset S. Hence the hypothesis z(S) 2 d - 1 is equivalent o tk stronger z(S)* d 
for every S of odd cardinality. It then follows that: 
For every subset S of cardinality 2k + 1, there are at most dk 
edges having both their endpoints in S. (2) 
By (a), the matrix X = (l/d)A satisfies the inequalities (l), and Berge’s conclusion 
follows. 
In the preceeding argument, the hypotheses z(S) 2 d - 1 are needed only for 
odd-cardiwlity subsets. Also, the requirement hat (‘3 be connected is unnecessary. 
Thus we: have proved: 
Thearem 3.2. Let G be any multigraph with n = 2m vertices which is regulu~ of 
degree d. Zf x (S) 2 d - 1 for every odd-cardinality subset S of V, then each edge of G 
belongs to some l-factor. 
(The Ireferee notes that Berge himself actually proved more than he announced, 
since the connectness assumption in Theorem 3.1 is redundant, and., going CN~X the 
iven in [l], the reader will find that the assumptiuns r(S)2 d - 1 are used 
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only for odd-cardinality sets S. Theorem 3.2 is therefore implicit in Bcrge’s own 
proof _) 
Remark 4.1. A graph is called I-facforable if its edge-set is a union of disjoint 
l-factors. Clearly, the conditions of Theorem 3.2 are necessary for a graph to be 
l-factorable. Iiowever, as the famous Petersen graph shows, they are not sufficient. 
Remark 4.2. If d 3 4, then Theort:m 3.2 is a genuine strengthening of Theorem 
3.1. In order to see this, take two disjoint l-factorable graphs G1 and Gz, both of 
them regular of degree d. Then delete some edge utcl from G1, delete some edge 
u2u2 from Gz, and introduce new edges u u I 2, ~~t)~. The resulting graph, being 
l-factorable, satisfies the conditions of Theorem 3.2 but clearly violates those of 
Theorem 3.1. 
Renxiark 4,3. The suflicient condition of Theorem 3.2 is not always necessary. In 
order to see this, take two disjoint complete graphs G,, G2 on d + 1 vertices such 
that d is even. Then delete some edge ulul from G,, delete some edge u2v2 from 
G2, and introduce ng:w edges ulu2, vlos. 
Remark 4.4. If G is a regular graph of degree d with 2m vertices uch that d 2 m 
if m is odd and d 2 m - 1 if m is even, then every edge of G belongs to some 
l-factor. Indeed, a routine computation shows that such a graph satisfies the 
hypotheses of Theorem 3.2. On the other hand, the above bounds for d are best 
possible. If m is odd, consider the disjoint union of two complete graphs on m 
eertices each; if m is even, consider the disjoint union of i complete graph on m - 1 
&ertices and a complete graph on m + 1 vertices with a hamiltonian cycle deleted. 
#&mark 4.5. If G is a regular graph of degree d with 2m vertices, and if 
“3 3 m 3 2, then G contains at least 
d-m+Z[w] 
disjoint l-factors. Indeed, the case d = rir follows immediately from Theorem 3 of 
151. Then the case d > M can be proved by induction on d - m using Remark 4.4. 
in fact, (3)hay be replaced by d - 58 + 2, which is superior for m s 17. In that case. 
t3] may be used to establish the case d = tn. 
Acknawkdgement 
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